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Abstract. For an n-componcnt link L, the Milnor's isotopy invariant is defined 
for each multi-index / = i\ii---i m (ij S {1, n}). Here m is called the length. Let 
r(I) denote the maximam number of times that any index appears. It is known 
that Milnor invariants with r = 1 arc link-homotopy invariant. N. Habegger and 
X. S. Lin showed that two string links are a link-homotopc if and only if their Milnor 
invariants with r = 1 coincide. This gives us that a link in S 3 is link-homotopic 
to a trivial link if and only if the all Milnor invariants of the link with r = 1 
vanish. Although Milnor invariants with r = 2 are not link-homotopy invariants, 
T. Fleming and the author showed that Milnor invariants with r < 2 are self A- 
equivalence invariants. In this paper, we give a self A-equivalence classification of 
the set of n-component links in S 3 whose Milnor invariants with length < 2n — 1 
and r < 2 vanish. As a corollary, we have that a link is self A-equivalent to a trivial 
link if and only if the all Milnor invariants of the link with r < 2 vanish. This is a 
geometric characterization for links whose Milnor invariants with < 2 vanish. The 
chief ingredient in our proof is Habiro's clasper theory We also give an alternate 
proof of a link-homotopy classification of string links by using clasper theory. 



1. Introduction 

For an n-component link L, Milnor invariant ~p L (I) is defined for each multi-index 
I = i\i<i...i m (ij e {1, ...,n}) (TTJUH]. Here m is called the length of ~fi L (I) and denoted 
by |/|. Let r(I) denote the maximam number of times that any index appears. For 
example, r(1123) = 2, r(1231223) = 3. It is known that if r(I) = 1, then JIl(I) is a 
link-homotopy invariant [T7], where link-homotopy is an equivalence relation on links 
generated by self crossing changes. Similarly, for a string link L, Milnor invariant 
is defined [5]. While Milnor invariants are not strong enough to give a link- 
homotopy classification for links, they are complete for string links. In fact, the 
following is known [Sj. 

Theorem 1.1 ([8]). Two n-component string links L and V are link-homotopic if 
and only if ^l(I) = Hl'(I) f or an V I with r(I) = 1. 

We will give an alternate proof in section 4 via clasper theory. Actually we will give 
representatives determined by Milnor link-homotopy invariants for the link-homotopy 
classes explicitely, see Theorem 14.31 As a corollary, we have that for ra-component 
string links L and L', and for a positive integer k (k < n), = for any / 
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with r(I) = 1 and |/| < k if and only if L and V are transformed into each other by 
combining link-homotopies and C^-moves, see Corollary 14.51 

For a string link L, let cl(L) denote the closure of L. It follows from the definitions 
that = A*ci(i,)(-0 ^ ^l(J) = for any J with \J\ < Since the Milnor 

invariants of trivial (string) links are 0, this and Theorem ll . ll imply the following. The 
proposition below also follows from Milnor's link-homotopy classification theorem for 
Brunnian links [T7] . 

Proposition 1.2 ([T7J Section 5]). A link L in S 3 is link-homotopic to a trivial link 
if and only if~p L (I) = for any I with r(J) = 1. 

Although Milnor invariants with r > 2 are not necessarily link-homotopy invari- 
ants, they are generalized link-homotopy invariants. In fact, Fleming and the author 
[3] showed that Milnor invariants with r < k are self Ck- equivalence invariants, 
where the (self) CVequivalence is an equivalence relation on (string) links generated 
by (self) Cfc-moves defined as follows. 

A C n -move is a local move on (string) links as illustrated in Figure ITTT1 (A Ci-move 
is defined as the crossing change). These local moves were introduced by Habiro [5]. 
A C^-move is called a self C n -move if the all strands in Figure [TTT1 belong to the same 
component of a (string) link [25] . 




1 2 n-l n 1 2 n-l n 



Figure 1.1. A C^-move involves n+1 strands of a link. 

The C n -move (resp. self C n -move) generates an equivalence relation on links, 
called the C n - equivalence (resp. self C n - equivalence) . This notion can also be defined 
by using the theory of claspers (see section 2). The (self) C n -equivalence relation 
becomes finer as n increases, i.e., the (self) C m -equivalence implies the (self) CV 
equivalence for m > k. We remark that (self) C2-move is same as (self) A-move 
defined by [20] • The A-move is defined as a local move as illustrated in Figure 11.21 
We call the (self) ^-equivalence the (self) A- equivalence. 

A self A-equivalence classification of 2-component links was shown by Y. Nakanishi 
and Y. Ohyama [21] • It is still open for links with at least 3 components. Here we 
give the following theorem. 




Figure 1.2. 
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Theorem 1.3. Let L and V be n-component links. Suppose that~p L (I) = ~p, L ,(I) = 
for any I with \I\ < 2n — 1 and r(I) < 2. Then L and L' are self A- equivalent if and 
only if~p L (J) = ~p L ,(J) for any J with \ J\ = 2n and r(J) = 2. 

Remark 1.4. (1) The 'only if part follows directly from the fact that Milnor invariants 
with r < k are self CVequivalence invariants [3]. 

(2) In the last section, we characterize n-component links whose Milnor invariants 
of length < 2n — 1 and r < 2 vanish. More precisely, the Milnor invariants of an 
n-component link with length < 2n — 1 and r < 2 vanish if and only if, for any 
integer i in {1, ...,n}, it is self A-equivalent to a Brunnian link Lj such that the ith 
component K of Li is null-homotopic in S* 3 \ (Li — K) (Theorem 16. 31) . As an example, 
we will give a 3-component Brunnian link L = K\ U Ki U K% such that K\ is not 
null-homotopic in S 3 \ {L — Kj) and Ki is null-homotopic in S 3 \(L — K,j) (i = 2, 3) 
(Example 16.41) . In particular, L is link-homotopic to a trivial link. There is no such a 
link with 2 components, i.e., if a 2-component link is link-homotopic to a trivial link, 
then it is self A-equivalent to a Brunnian link K\ UK2 such that K{ is null-homotopic 
in S 3 \i^ ({z,j} = {1,2}). 

For 2-component links, Proposition 11.21 can be generalized [21j . Theorem 11.31 gives 
us the following corollary which is a generalization of Proposition 11.21 for links with 
arbitrarily many components. This gives us a geometric characterization for links 
whose Milnor invariants with < 2 vanish. 

Corollary 1.5. A link L is self A-equivalent to a trivial link if and only if]Z L (L) = 
for any I with r(L) < 2. 

Remark 1.6. (1) This corollary gives an affirmative answer for an open question 
remained in [3]. 

(2) For string links, Corollar yd.5l does not hold, i.e., there are 2-string links such that 
their Milnor invariants //(/) with r(I) < 2 vanish and they are not self A-equivalent 
to a trivial string link [1]. 

(3) Since CVmove (k > 3) is not unknotting operation, it is impossible to generalize 
the corollary above. It is reasonable to consider the following question: If Jli{I) = 
for any / with r(J) < k, then is L self C^-equivalent to a completely split link? 
Fleming and the author gave a negative answer to the question [3]. In fact, there is 
a 2-component boundary link L such that L is not self C*3-equivalent to a split link. 
Note that the all Milnor invariants of a boundary link vanish. 

By combining Lemma [3721 ( [I8 | Theorem 7]), Proposition 11.21 and Corollary 1 1.5 1 we 
have the following corollary. 

Corollary 1.7. Let L be an n-component link and let L{2) be a 2n-component link 
obtained from L by replaceing each component of L with zero framed 2 parallel copies 
of it. Then L is self A-equivalent to a trivial link if and only if L(2) is link-homotopic 
to a trivial link. 

Remark 1.8. For an n-component link, let L(k) be a fcn-component link obtained 
from L by replacing each component of L with zero framed k parallel copies of it. 
In the proof of Theorem 2.1 in [3], it is shown that if two links L and L' are self 
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Cfc-equivalent, then L(k) and L'(k) are link homotopic. So one might expect that if 
L(2) and L'(2) are link homotopic, then L and V are self A-equivalent. But this is 
not true. The reason is the follwing: There are 2-component links L and V such that 
they are concordant and are not self A-equivalent [22], [23]- The fact that L and V 
are concordant implies that L{2) and L'(2) are concordant. Since link- concordance 
implies link-homotopy [5], [6], L(2) and 1/(2) are link- homotopic. 

An n-component link L = K\ U • • • U K n is called a boundary link if there is a 
disjoint union X = F\ U ■ • • U F n of orientable surfaces such that <9X = L and 
dFi — Ki (i — l,2,...,n). An n-component link L is called a homology boundary 
link if 7Ti(S' 3 \ L) admits an epimorphism from 7r 1 (5' 3 \ L) to a free group of rank 
n [21]. An every boundary link is a homology boundary link. T. Shibuya and the 
author showed that all boundary links are self A-equivalent to trivial links [26]. In 
[21], Shibuya showed that all ribbon links are self A-equivalent to trivial links. 

Whether the homology boundary links are self A-equivalent to trivial links and 
whether the slice links are self A-equivalent to trivial links have remained as open 
questions. Since all Milnor invariants of homology boundary links vanish, and since 
Milnor invariants are concordance invariants, we have the following corollary, which 
give affirmative answers for the open questions. 

Corollary 1.9. If L is concordant to a homology boundary link, then L is self A- 
equivalent to a trivial link. 

Acknowledgments. The author would like to thank Jean-Baptiste Meilhan for many 
useful discussions. The first joint work [16J leads to this work. He is also very grateful 
to Professor Tim Cochran for helpful comments. 



2. Clasper 

Let us briefly recall from [10] the basic notions of clasper theory for (string) links. 
In this paper, we essentially only need the notion of C^-tree. For a general definition 
of claspers, we refer the reader to [TO] . 

Definition 1. Let L be a link in S 3 (resp. a string link in D 2 x /). An embedded 
disk F in S 3 (resp. D 2 x J) is called a tree clasper for L if it satisfies the following 
(1), (2) and (3): 

(1) F is decomposed into disks and bands, called edges, each of which connects two 
distinct disks. 

(2) The disks have either 1 or 3 incident edges, called leaves or nodes respectively. 

(3) L intersects F transversely and the intersections are contained in the union of 
the interior of the leaves. 

The degree of a tree clasper is the number of the leaves minus 1. (In [10], a tree 
clasper and a leaf are called a strict tree clasper and a disk-leaf respectively.) A degree 
k tree clasper is called a C^-tree (or a Ck-clasper). A CVtree is simple if each leaf 
intersects L at one point. 
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We will make use of the drawing convention for claspers of [TQl Fig. 7], except 
for the following: © (resp. 0) on an edge represents a positive (resp. negative) 
half-twist. (This replaces the convention of a circled S (resp. S~ l ) used in jlQj). 

Given a C^-tree T for a link L in S 3 , there is a procedure to construct a framed 
link 7(T) in a regular neighborhood of T. Surgery along T means surgery along 7(T). 
Since there exists a canonical homeomorphism between S 3 and the manifold S 3 ^, 
surgery along the C^-tree T can be regarded as a local move on L in S 3 . We say 
that the resulting link Lt in S 3 is obtained by surgery along T. In particular, surgery 
along a simple C^-tree illustrated in Figure [2TT1 is equivalent to band-summing a copy 
of the (/c + l)-component Milnor link (see [T71 Fig. 7]), and is equivalent to a C^-move 
as defined in the introduction (Figure iLli . Similarly, for a disjoint union of trees 
T\ U ■ • • U T m , we can define L^u-uTm as a link by surgery along 7\ U • ■ ■ U T m . A 
Cfc-tree T having the shape of the tree clasper in Figure 12.11 is called linear, and the 
left-most and right-most leaves of T in Figure 2.1 are called ends of T. Ends of T 
are not uniquely determined. There are 4 choices for an each linear tree. 




Figure 2.1. Surgery along a simple C^-tree. 

It is known that the C^-equivalence as defined in section 1 coincides with the equiv- 
alence relation on links generated by surgery along C^-trees and ambient isotopies. 
Two (string) links L and 11 are (^-equivalent if and only if there is a disjoint union 
of simple CVtrees G\ U • • • U G m such that L' is ambient isotopic to L GlU ... uGm [TUl 
Theorem 3.17]. 

Definition 2. Let L — KiU - ■ -UK n be an n-component (string) link. A (simple) Oc- 
tree T for L is a (simple) C^-tree (resp. Cf-tree, Cf,-tree) if it satisfies the following: 

(1) For each disk- leaf / of T, f n L is contained in a single component of L, and 

(2) \{i | T H Kj ^ 0}| = n (resp. = k + 1, 1). 

Note that n is the number of the components of L and that k + 1 is the number of 
leaves of T. If T is simple, T always satisfies the condition (1). The C|- equivalence 
(* = a, d, s) is an equivalence relation on (string) links generated by surgery along C£- 
trees and ambient isotopies. Note that C|-equivalence is same as self CVequivalence. 
For a simple C^-tree T, the set {i \ TC\Ki ^ 0} is called index of T, and denote it by 
index(T). And let r^T) be the number of intersection points in T fl K t (i = 1, n). 
The (Cf + C^-equivalence (C| = C fc , C£, or C^) is an equivalence relation on (string) 
links generated by surgery along Cf- or C^-trees. By the arguments similar to that 
in the proof of [TUl Theorem 3.17], we have that two (string) links L and 11 are 
(Cf + CI) -equivalent if and only if there is a disjoint union of simple Cf- or C^-trees 
T\ U ■ ■ • U T m such that V is ambient isotopic to L^u-.-utv We use the notation 
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L ~ L' (resp. L ! ~ k V) for C^-equivalent (resp. (Cf + CI) -equivalent) links L and 
V. 

Recall that a string link is a tangle without closed components (see [8] for a precise 
definition). The set of ambient isotopy classes of the n-component string links has a 
monoid structure with composition given by the stacking product, denoted by *, and 
with the trivial n-component string link l n as unit element. 

In the following, we give several lemmas. The proofs of Lemmas 12.11 12.21 and 12.31 
are essentially given in [10] (see also section 1.4 in [E]), and Lemma [2.41 essentially 
shown in [7J (see also [2], [15] ), while they did not care about r\, of claspers in [2], [7J, 
[TO] . [T4"] . |15j . If we follow their proofs with paying attention to r J; we will see the 
proof of Lemmas I2~T | I2T21 l2~3l and I2T1 

Lemma 2.1 (cf. [TU1 Propositions 4.5, 4.6]). Let T be a simple Ck-tree for an n- 
component (string) link L, and let T' (resp. T" , and T'" ) be obtained from T by 
changing a crossing of an edge and the ith component Ki of L (resp. an edge of T , 
and an edge of another simple clasper G) (see Figure [2~2}) . Then 

(1) Lt C '~ 1 Lt>, and the Ck+\- equivalence is realized by surgery along simple Ck+\- 
trees with indices index(T) U {i} and rj > rj(T) (j = 1, ...,n). 

Cfe i Cfc i 

(2) Lt ~ Lt", Ltug ~ Lt»>ug, an d the C^+x- equivalence is realized by surgery 
along simple C^+i-trees with rj > Tj(T) (j = 1, ...,n). 

T Ki T Ki T T T" T" T G V" G 




Figure 2.2. 



Lemma 2.2 (cf. [TUJ Propositions 4.4]). Let T\ (resp. T 2 ) be a simple Ck-tree 
(resp. Ci-tree) for an n-component (string) link L, and let T[ be obtained from Ti 
by sliding a leaf of Ti over a leaf of T 2 (see Figure [Ql) . Suppose that k > I. Then 

Cfc 1 

Lt!ut 2 ~ L T ' UT2 , and the C 'k+\- equivalence is realized by surgery along simple C fc+1 - 
trees with rj > Tj(Ti) (j = 1, ...,n). 



T\ Ti T'l Ti 




Figure 2.3. Sliding a leaf over another leaf. 



Lemma 2.3 (cf. [TUl Claim in p-36]). Let T be a simple Ck-tree for l n and let 

T be a simple Ck-trees obtained from T by adding a half-twist on an edge. Then 

(l n )r * (ln)r ~ X 1"? an d th e Cfc+i- equivalence is realized by surgery along simple 
Ck+i-trees with rj > rj(T) (j = 1, ...,n). 
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Lemma 2.4 (cf. Theorem 6.7], [13, Lemma 2.9]). Consider simple C^-trees Tj, 



Th and Tx for l n which differ only in a small ball as illustrated in Figure \2.J\ Then 

It \ CfcH 



n)Tj 



{ln)T H * (ln)r X ; an d the Cfc+i- equivalence is realized by surgery along 



simple Ck+i-trees with Tj > Tj(Tj) (j 



n). 



Ti 



Th 



A 



Tx 



Figure 2.4. The IHX relation for CVtrees. 



By combining the proof of [TUl Claim in p-26] and [TUl Propositions 4.4, 4.5 and 
4.6], we have the following. 

Lemma 2.5 (cf. [TOT Claim in p-26]). Let G be a C^-tree for l n . Let fi and fi be 

two disks obtained by splitting a leaf f of G along an arc a as shown in Figure \2.5\ 

(i.e., / = /iU/ 2 and f\nf 2 = a). Then, (l n ) G C ~ 1 (l n )c?i * (ln)<? 2 , where Gi 
denotes the C^-tree for l n obtained from G by replacing f with fi (i = 1,2). 




G Gi Gi 



Figure 2.5. Splitting a leaf. 

An n-component (string) link L is Brunnian if every proper sublink of L is triv- 
ial. In particular, any trivial (string) link is Brunnian. The n-component Brunnian 
(string) links are characterized by ^equivalence as follows. 

Proposition 2.6 ([TH [T9]). Let L be an n-component (string) link in S 3 . Then L 
is Brunnian if and only if L is obtained from a trivial (string) link by surgery along 
simple C^^-trees. 

By the argument similar to that in the proof of Theorem 1.2 in [19], we have the 
following lemma. In [19], they proved it with using 'band description' defined by 
K. Taniyama and the author [2H]- Here we give a proof with using clasper. 

Lemma 2.7 (cf. [T9J Theorem 1.2]). Let L be an n-component Brunnian link in S 3 . 
If L is obtained from a trivial link O by surgery along C(-trees with indices {i}, then 
L is obtained from O by surgery along simple C^-trees with = 2. 
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Proof. Set O — 0\ U ■ • • U O n . It is enough to consider the case when i = 1. There 
is a disjoint union F\ of simple Cf-trees with indices {1} such that L = Of 1 - Note 
that ri = 2 for all Cf-trees in F\. 

Since L is Brunnian, L \ O2 is trivial. This implies that a split sum of L \ O2 and 

02 is trivial. Hence L can be deformed into trivial by crossing changes between O2 
and edges of Cf-trees of F\. By Lemma [2.11 we have that L is obtained from O by 
surgery along a disjoint union F 2 of simple C2-trees with indices {1,2} and r% — 2. 
So we have L = Op 2 - 

Since L \ O3 is trivial, L can be deformed into trivial by crossing changes between 

03 and edges of CVtrees in F2. By Lemma 12.11 there is a disjoint union F3 of simple 
C 3 -trees with indecis {1, 2, 3} and r x = 2 such that L = Op 3 . 

Repeating this step, we have that there is a disjoint union F n of simple C n -trees 
with indices {1, ...,n} and r\ — 2 such that L = Of„. This completes the proof. □ 

By the arguments similar to that in the proof of 0, Proposition 3.1], we have 

Proposition 2.8 (cf. [HI Proposition 3.1]). A (string) link V is obtained from L by 
surgery along a simple Ci-tree with leaves f±, / 2 , •••) fi+i, then for any k (1 < k < I) 
and any subset {wi, Wk+i} C {1,...,/ + 1}, there are simple C^-trees Tj (j = 
1, ...,m) with leaves fji, fj(k+i) such that fji and f w . grasp the same component of 
L for each i{= 1, k + 1), and that V is obtained from L by surgery along T 1; T m . 

A simple CVtree T is a -tree if max{rj(T) \ j — 1, > /. Two links L and 

L' are ' -equivalent if L is obtained from L' by ambient isotopy and surgery along 
simple C^-trees. The following proposition is a corollary of Proposition 12.81 

Proposition 2.9 (cf. [HI Proposition 3.1]). If two (string) links are Clf +1 ^ -equivalent, 
then they are self C^- equivalent. Moreover, for some i, if the Ci? +1 ^ -equivalence 
is realized by surgery along simple Cn +1 ^ '-trees with r t > k + 1, then the self C^- 
equivalence is realized by surgery along simple C s k -trees with indices {i}. 



3. MlLNOR INVARIANTS 

J. Milnor defined in [17] a family of invariants of oriented, ordered links in S 3 , 
known as Milnor's /Z-invariants. 

Given an n-component link L in S 3 , denote by G the fundamental group of S 3 \ L, 
and by G q the qth subgroup of the lower central series of G. We have a presentation 
of G/G q with n generators, given by a meridian rrii of the ith component of L. So 
for 1 < i < n, the longitude /j of the ith component of L is expressed modulo G q as 
a word in the m/s (abusing notations, we still denote this word by /j). 

The Magnus expansion E(li) of U is the formal power series in non-commuting 
variables Xi, ...,X n obtained by substituting l + Xj for rrij and 1 — Xj + Xj—X 3 + - ■ ■ 
for mj , 1 < j < n. 

Let / = i\i2---ik-\3 (k < q) be a multi-index (i.e., a sequence of possibly repeating 
indices) among {1, ...,n}. Denote by the coefficient of X i± ■ ■ ■ X ik _ 1 in the 

Magnus expansion E(lj). Milnor invariant is the residue class of modulo 
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the greatest common divisor of all Milnor invariants Hl{J) such that J is obtained 
from I by removing at least one index. As we mentioned in section 1, |J| = k is 
called the length of Milnor invariant JI L (I). 

The indeterminacy comes from the choice of the meridians m r Equivalently, it 
comes from the indeterminacy of representing the link as the closure of a string link 
[H]. Indeed, is a well-defined invariant for string links. 

The following 4 lemmas play an important roles in calculating Milnor invariants. 
Lemma 3.1 ( [TTl section 5]). Let M n = K\ U • • • U K n be the n-component Milnor 
link as illustrated in Figure l3J[ Then the Milnor invariants of length < n — 1 vanish, 
and 




Kn-2 



Figure 3.1. Milnor link 

Lemma 3.2 ( [181 Theorem 7]). Let L' be a link obtained from a link L by taking the 
appropriate number of zero framed parallels of the components of L. Suppose the ith 
component of L' corresponds to the h{i)th component of L, then 

Jl L ,{i l i 2 ...i m ) = JX L (h(i 1 )h( y i 2 )...h(i m )). 

Lemma 3.3 ([TBI Lemma 3.3]). Let L and L' be n-component string links such that 
all Milnor invariants of L (resp. L' ) of length < m (resp. < m' ) vanish. Then 
= f'bi.I) + f'L'i.I) for all I of length < m + m! . 

Lemma 3.4 ( [101 Theorem 7.2]). The Milnor invariants of length < k for (string) 
links are invariants of the C^- equivalence. 



4. LlNK-HOMOTOPY OF STRING LINKS 

Let 7r : {1, k} — > {1, n} {k < n) be an injection such that ir(i) < ir(k — 1) < 
n(k) {i G {1, k — 2}), and let be the set of such injections. For ix £ jF fe , let 
T n and T n be simple Cj^-trees as illustrated in Figure 14.11 and set V n = (l n )T w 
and V^ 1 = (l n )f . Here, Figure I4TT1 are the images of homeomorphisms from the 
neighborhoods of T n and T n to the 3-ball. Although V n and V~ l are not unique 
up to ambient isotopy, by Lemmas 12.11 and 12.31 it is unique up to CVequivalence. 
So, for any n £ jF fc , we may choose V n and V~ l uniquely up to CVequivalence. In 
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71 (k) 
I 



Tk 



Tt(Ar-l) 

-4 



Tk 



71 (jfe-2) 



t(2) 



7t(/t-l) 



re (A-2) 



Figure 4.1. 7r(i) means 7r(i)th component of l n 




/•*7r(K' 



Kn(k-2) 



Figure 4.2. Milnor link = U ■ ■ • U 

particular, we may choose K- so that cl(T4) is the Milnor link M n = K n ^U- ■ - UK n ^ 
as illustrated in Figure I4~2l (cf. Figure |2~TI) . 
For Ti G J~k, set 

/^(L) = // L (7r(l)7r(2)...7r(fc)) 
By Lemma 13.11 we have the following lemma. 
Lemma 4.1. For any ir, tt' G Tk, 

1 if it = n' , 

iflX^-K', 

and the Milnor invariants of V n i of length < k — 1 vanish. 

Lemma 4.2. Let T be a simple C^_ x -tree (resp. C^_ x -tree) for an n-component 
string link L. Then Lt is Ck-equivalent (resp. C%- equivalent) to L * V , where 

Proof. Suppose that T is a simple C^_ 1 -tree. By Lemma 12.11 Lt is CVequivalent to 
L * (ln)T', where T' is a simple C^_ 1 -tree. Set index(T') = {ii,...,ik} (ij < ij+i)- 
Consider induction on the length of the path connecting the two leaves grasping 
Zfe_ith and z^th components of l n , and apply Lemma 12.41 we have that (l n )T' is 
Cfc-equivalent to a string link which is obtained from l n by surgery along simple 
Cfc_i-trees whose ends grasp z'fc-ith and ikth components of l n . By Lemmas 12.11 12.21 
and 12.31 we have that 

/-. \ Ck T II 



i n \ T , ~ L' 



By Lemmas l3~4l l3~3l and l4~Tl 

/v(L T ) = fi n i(L * L") 



^n'(L) +/i 7r /(L") 
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If T is a simple C^_ 1 -tree, the arguments similar to that in the above can be 
applied. And we have the conclusion. □ 

The following theorem gives representatives, which depend on only Milnor invari- 
ants, for the link-homotpy classes. 

Theorem 4.3. Let L be an n-component string link. Then L is link-homotopic to 
L\ * L 2 * ■ ■ ■ * L n -\, where 



Li= n ^ 



M7T(1M2)) ifi = h 

^(7r(l)...7r(i + 1)) - ii Ll ... Li _Ml)-<i + 1)) ifi > 2- 
(= f i Li (ir(l)...ir(i + l))) 



Remark 4.4. The presentation L\ * L 2 * ■ ■ ■ * of L depends on the choice of order 
on the elements in T (i = 2, ...,n). If we put T 2 U ■ • • U T n = ...,ir q } so that 
for % < j, any element in T appears before the elements in Tj, then by Theorem 14.31 
and Lemmas 13.31 and 14.11 L is link-homotopic to V*" 1 * ■ ■ ■ * V^ q (x nk = j2 nk (L) — 
^kiTliZi V-JTi' 1 ))- Note that the representation is unique up to link-homotopy. 

Proof. Since Ci-move is the crossing change, L is Ci-equivalent to the trivial string 
link l n . So L is obtained from l n by surgery along simple Ci-trees. 

Note that a simple Ci-tree is either a simple Cf-tree or a simple Cf-tree, and 
that Cf-equivalence preserves the value of «(/) for any I with r(J) = 1. Since L 
is Cf-equivalent to a link which is obtained from l n by surgery along Cf -trees, by 
Lemmas IQ1 I2~T1 Q and I2~3l 

l c! - 2 n^ (L) (=^)- 

A Cfc-tree (k > 2) is either a -tree or a C^-tree, and a -equivalence implies 
Cf-equivalence (Proposition 12. 9p . and hence (C^ + Cfc)-equivalence implies {C[ + Cf)- 
equivalence. So L is obtained form Li by surgery along simple C[- and Cg-trees. 
By Lemmas PI l2~fl [2721 and f273l 

L C ^° 3 L x * J] v^~^\= L x * L 2 ). 

Therefore L and L\ * L 2 are (Cf + Cf) -equivalent. 
Repeating these processes, we have that 

Cf+Cn 

L ~ L\ * L 2 * • • • * L n —\. 

(2) 

Since any simple C n -tree for an n-component string link is a CT-tree, (Cf + C n )- 
equivalence implies Cf-equivalence, i.e., link-homotopy. □ 

By Theorem 14.31 we have the following corollary. 

Corollary 4.5. For a natural number k{< n), n-component string links L and V 
are {C{ + C^)- equivalent if and only if /ix(-0 — ^l'(I) for any I with r(I) = 1 and 
III < k. 
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Proof. The 'only if part follows from Lemma [3.41 Now we will prove 'if part. 

By Theorem 14.31 L and L' are link-homotopic to L\ * L2 * ■ ■ ■ * L n -\ and L[ * L' 2 * 
• • • * L' n _ x respectively. Note that both Lj and L[ are Cj-equivalent to l n . So L and 
V are (Cf + Ck) -equivalent to L\ * L 2 * ■ ■ ■ * Lk~\ and L' x * L' 2 * • • • * L' k _ 1 respectively. 
Since = Hl'(I) for any / with r(J) = 1 and |/| < k, Li = L\ [i = 1, k — 1). 

This completes the proof. □ 

Theorem 11.11 follows directly from Corollary 14.51 

Proof of Theorem \l.li It is enough to show 'if part. Since a C n -move for an n- 
component string link is a C n -move, by Proposition 12.91 C n -equivalence implies Cf- 
equivalence. Hence (C[ + C n )-equivalence implies link-homotopy. By Corollary 14.51 
L and V are link-homotopic. □ 

Remark 4.6. Let L be an n-component link in S 3 . Denote by C(L) the set of all 
n-component string links / such that cl(/) = L. Put JF 2 U ■ • • U T n = {^1, n q } so 
that any element in Ti appears before the elements in Tj (2 < i < j < n) and fix it. 
Then, by Remark 14.41 each / in C(L) is link-homotopic to V** 1 * ■ ■ ■ * V^ q [x nk = 
^7r fc (0 — ^TTkiYliZi VrrP))} which is the unique representaion up to link-homotopy. 
We define a vector vi as vi = (x ni , x^ ), and set Vl — {vi | I G C(L)}. By the 
uniqueness of the presentation for I, we have the following: Two n-component links 
L and V in S 3 are link-homotopic if and only ifVi H Vy 7^ 0- 



5. Self A-equivalence of Brunnian links 

Let n and m be integers (2 < n < m < 2n). Given k e {l,...,n}, consider a 
surjection r from {1, ...,m — 2} to {1, ...,n} \ {k}. Let G T and G T be simple C^ l _ 1 - 
trees illustrated in Figure ISTTl and set V T = (l n )G T and K" 1 = (ln)G ■ 



Gr Gx 




Figure 5.1. r(i) and k mean r(i)th and fcth components of l n respectively 

Here, Figure 15.11 are the images of homeomorphisms from the neighborhoods of G T 
and G T to the 3-ball. Although V T and V~ x are not unique up to ambient isotopy, 
by Lemmas 12.11 and 12.31 they are unique up to C^-equivalence. So, we may choose 
V T and V' 1 uniquely up to C^-equivalence. 

Set 

H T {L) =/i L (r(l)...r(m-2) k k). 

Let B m (k) be the set of all surjections r from {1, ...,m — 2} to {1, ...,n} \ {k} such 
that |r _1 (z)| < 2 (i — 1, ...,n) and |t — 1 (j) | = 1 (if j > k), and let p m be a surjection 
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V m {k) = {re B m {k) 



from {1, m — 2} to itself defined by p m (i) = m — 1 — i. Note that the definition of 
B m (k) implies that B m (k) = if k < m — n. So we may assume that k > m — n. 
If m < 2n — 2, then for any r G B m (k), {i \ r(z) ^ r(m — 1 — i)} ^ 0. We set 

r(p) < r(m — 1 — p) 
for p = min{z | r(i) ^ rim — 1 — i)} 

If m — 2n — 1, then k = n, n — 1 and there exists r G B2 n -i(n) U <B2„_i(n — 1) such 
that t(i) = r{2n — 2 — i) (z — 1, n — 2) and |t _1 (t(t2, — 1))| = 1. For k = n, n — 1, 
set 

r(i) = r(2n - 2 - z) (i = 1, n - 2), 
|r^(r(n-l))| = l 



G £ 



2n-l 



TZ 2n -i(k) = 
and set 

7V-i(*0 = |t e B 2n ^{k)\TZ 2n ^{k) 



r(p) < r(2n - 2 - p) 
for p = minji | r(i) ^ r(2n — 2 — i)} 

Note that if r G 7^ 2 n-i( ri — 1)) then r(n — 1) = n. 

If m = 2n, then k = n and there exists r G B2 n {n) such that r(z) = r(2n— 1— i) (z 
1, n — 1). Set 

fta»(n) = {r G B 2n (n) | r(z') = r(2n - 1 - i) (z = 1, n - 1)}, 



and set 



r G i3 2ra (n) \ 7£ 2n (n) 



r(p) < r{2n — 1 — p) 

for p = min{z | r(z') ^ r(2n — 1 — z')} 



We note that if r G lZ m {k) then rp m G lZ m (k) (i.e., r has 'symmetry'), if r G V m (k) 
then rp m G' V m (k), and 

B m (A;) = P m (fc) U TZ m (k) U {rp m |rGP m (fc)}. 

For any ip G B m (k), V v is C m _i-equivalnt to l n . By Lemma [3T4l pv v (I) = for any 
/ with |/| < m — 1. 

By the arguments similar to that in the proof of [To! Proposition 5.1], we have the 
following lemma. 

Lemma 5.1. (1) If r G V m (k), then for an n-string link L, 



cl(L * V, 



Ca 



Tpr, 



cl(L * V T ) orc\(L*V T - 1 ). 



Moreover the C^- equivalence is realized by surgery along simple C^-trees with rj > 
r A G r) (j = 1, -,n). 

(2) If p G IZ2n-i{k), then for an n-string link L, 

cl(L * V v ) C ~ _1 cl(L * V~ x ). 

Moreover the Cf n _ 1 - equivalence is realized by surgery along simple C^-trees with 
rj > rj{G 9 ) (j = l,...,n). 

Proof. (1) For the pairs of leaves grasping same components, by sliding the upper 
leaves on cl(L) along the orientation, they come to below the others. Lemmas 12.11 
12.21 and [2731 complete the proof. The same arguments give us a proof of (2). □ 
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Now we will calculate some Milnor invariants of string links V v for cp G TZ m (k) U 
V m {k). 



Lemma 5.2. For <p G V m (k) (n + 1 < m < 2n, m — n < k < n) and t G 

U(^n(0UP m (/)) ; 

1 if<p = r, 

iftp^T. 



Proof. We take the following 4 steps to proving this lemma. 

Step 1: Make a new link W v from V v by taking parallels of the components ofV v 
so that Lemma \3.2ft can be applied. 

Let r G TZ m {l) UV m (l) (m — n<l<n). Let l m be the m-component trivial string 
link obtained from l n by taking parallels of the components of l n such that the ith 
component of l m parallels to either 

{the r(i)th component of l n if z = 1, m — 2, or 
the Zth component of l n if z = m — 1, m, 

and that l m is contained in the tubular neighborhood N(l n ) of l n with fl l m C 
int(G ¥ , fl JV(l n )). Since a surgery along C m _i-tree preserves framings, the above 
correspondance can be naturally extended so that the ith component of (l m )c; 
parallels to either 

J the r(i)th component of (l n )G v if i = 1, m — 2, or 
the Zth component of (l n )G V3 if i = m — 1, m. 

Set H 7 ^ = (l m )G«p- By Lemma we have 

/^(12...m) = /i^(r(l)...r(m - 2)ll){= fi T (V v )). 

Step 2: By applying Lemma [275\ deform up to the C m - equivalence into 

so that each G (pj is a simple C m -\-tree. 
Set Vj = (lm) Gtp . U = l,-,s). 

Step 3: By applying Lemmas \3.J\ and \3.3\ then we have 

Hw v {Yl...m) = fj, Vl (12...m) H h ^(12. ..m). 



Step 4: If Gp. is a C^_ 1 -tree, then by Proposition \2.9\ Vj is link-homotopic 
to trivial, hence /iy j (12...m) = 0. Otherwise, by using Lemma [^Tij calculate each 
fi Vj (12...m). 

If (l^-Hl)!,...,^" 1 ^)!) ^ (Ir-^l)!,...,^- 1 ^)!), then each G Vj is a C^-tree. 
This implies that ^w v {12...m) = 0. 

Suppose (l^-Hl)!, I^WI) = (Ir-^l)!, \t-\ti)\). Then each G v . is a C&_ r 
tree. Since |<£> _1 (/c)| = and |t _1 (z)| > 1 (« ^ I), we have k — I, i.e., </> G V m (l). 

If </? 7^ r, then neither (y?(l), <£>(m — 1)) nor (<^p m (l), ipp m {m — 1)) is equal to 
(t(1), r(m — 1)). By Lemma |4~TI /xy.(12...m) = for any j(— 1, 2, s). 
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If tp — t, then by Lemma 14.11 and by the fact that (pp m ^ <P, there is a unique 
C^„ 1 -tree G Vv in {G VI , G^} such that 



Remark 5.3. The calculation method used in the proof of Lemma \5. 21 can be applied 
for another case. Let T be a linear, simple C m _i-tree for l n with the ends grasping 
kth component, and let / = ii...i m _ 2 /c/c be a multi-index. Then, /i( ln ) T (J) can be 
calculated as follows. 

Step 1: Make a new link W = {l m )T from (1„,)t by taking parallels of the 
components of (l n )r so that Lemma [3.21 can be applied. 



Step 2: By applying Lemma l2~5l deform W up to the C m -equivalence into (l m )ri * 
(l m )r 2 * • • ■ * (l m )T s so that each Tj is a simple C m _i-tree. 

Step 3: By applying Lemmas l3.4l and l3.3[ we have /iiy(12...m) = A t (i m ) T (12. ..m) + 
••• + /i(i m ) Ts (12...m). 

Step 4: If Tj is a C^i^-tree, then by Proposition 12.91 fi(i m ) T . (12...m) = 0. Other- 
wise, by using Lemma |4~TI calculate each (J>(i m ) T (12. ..m). 

Lemma 5.4. ^ For any <^ G 7^2n-i(&) (k = n,n — 1), the Milnor invariants of 
of length < 2n — 1 vanish. 

(2) For if G 7£2n-i ("■) t G T^2n(n) U P 2 „(n), 

I (V)^/ 1 G 7£ 2 n(w) and <^(z) = r(z') (z = 1, - 1), 

'^"^ 1 otherwise. 

(3) Forr, cp G K 2n {n) U P 2n (n) ; 



Remark 5.5. (1) Note that, for any G 7?.2n-i(n), there is a unique element r G 
'R.2n(n) such that </?(z) = r(z') (z = 1, ...,n — 1), and that the correspondence induces 
a bijection from 1Z 2 n-i(n) to 7£ 2 n(n). 

(2) For </? G lZ2 n -i(n — 1) and r G 7?-2n(n) U "P 2n (n), while the Milnor invariants of 
of length < 2n — 1 vanish, /x T (V^) is not easily calculated. And we do not need 
the calculations to prove Theorem 11.31 

Proof. As illustrated in Figure 15721 the Whitehead link, which is a link C(12, 12) de- 
fined in P, subsection 7.11], is obtained from the 2-component trivial link by surgery 
along a simple C 2 -tree. We recall that, for a sequence z'i...z'fc, 

(i) C{i\%2^i\i2) is a Whitehead link; and 

(ii) C(i 1 ...i k i k+1 ,i 1 ...i k i k+1 ) = K h U- ■ -UK ik+1 is a link obtained from C{ix...i k , ii...i k ) = 
K ix U • • • U K ik _ 1 U K[ by replacing K[ with Bing doubling K ik U K ik+1 of K ■ . 

A 4-component link obtained from the 4-component trivial link by surgery along 
the 11 basic claspers illustrated in Figure [5731 is ambient isotopic to a link illustrated 
in Figure 15.41 and to a link obtained from the trivial link by surgery along a clasper 




This completes the proof. 



□ 
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with boxes as illustrated in Figure 151)1 (for the definitions a basic clasper and a box, see 
[TO]). Since a link illustrated in Figure I5T41 is ambient isotopic to a link C(1234, 1234), 
the link C(1234, 1234) is CV-equivalent to c1((14)g), where G is a simple Cg-tree as 
illustrated in Figure [531 Moreover a band sum of C(1234, 1234) and I4 as illustrated 
in Figure [5~71 is CV-equivalent to (1^)g- 

Similarly, we can see that, for if G lZ2n-i(k) (k = n,n — 1), a link C(a,a) (a = 
<p(n — l)<p(n — 2) ■ ■ • (p(l)k) is C2„_i-equivalent to either cl(V^) or diV' 1 ). Then by 
Lemma [5~T1 (2). C(a,a) is C 2n _i-equivalent to cl(V^). 

In [U, subsection 7.11], it is shown that ~Pc(a,a)(I) = f° r an y I with |/| < 2n — 1. 




(a) (b) Whitehead link 



FIGURE 5.2. (a): 2-component trivial link with a simple C2-clasper. 
(b): 2-component trivial link with 3 basic claspers. 




Figure 5.3. 4-component trivial link with 11 basic claspers. The 
numbers, 1,2,3, and 4, means the order of components. 

Let t G 7Z2n{n). Then it is not hard to see that cl(V^-) is a link L((/3,j3)) ( (3 = 
r{n - l){r{n - 2)(- ■ • (r(l)n) •■■)), P = ((• ■ ■ (^(l)) ■ ■ • )r(n - 2))r(n - 1) ) defined 
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Figure 5.5. 

in [H subsection 7.4]. By combining [U Proposition 6.5, Theorem 7.10 in p42, and 
Theorem 7.10 in p43], we have that if a = /3, i.e., cp(i) = r(i) {i = 1, ...,n — 1), then 

l%(«,a)( J )l = l7 J L((^/3))( / )l 

for any I with |/| = 2n. Then, (2) follows from (3). 

For r, <f G TZ2n{k) U T > 2n{n) ) by following the 4 steps in Remark I5~3l we have (3). 
This completes the proof. □ 
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Figure 5.6. 




Figure 5.7. A band sum of 1 4 and C(1234, 1234) 



Lemma 5.6. Let L be an n- component string link and m (n + 1 < m < 2n) an 
integer. Let T be a simple C^ % _ x -tree for L. Suppose that = for any I 

with \I\ < m — 1 and r(I) < 2, and that T is not a simple C)^_ x -tree. Set k = 
max{z | |T fl iith component of l n )\ = 2}. Then 
(1) c\(Lt) is C^- equivalent to c\(L * L'), where L' = 

Ht(L t )-Ht{L) 

<<p) 



f R 



Vi 



eP m (k) 



if n + 1 < m < 2n — 2, 



yH T {L T )-Hr{L) ^ J-j" 



V 



y(J, T (L T )-Hr(L) ^ j-j- 



(for some e((p) 's in {0, 1}) 



if m 



if m 



2n 
2n, 



k H T €V 2 n(n) 

and 

(2) the C^- equivalence is realized by surgery along simple C^-trees with r^ > 2. 

(2) 

Note that if m > n + 1, then a simple C^j-tree is a simple C^ij-tree. If T is a 
simple C^ij-tree, then by Proposition 12.91 Lt and L are self A-equivalent. 

Proof. By Lemma \2. 11 Lt is C^-equivalent to L * (l n )r', where T' is a simple C^ l _ 1 - 
tree and not a C^ij-tree with 

max{i | \T' n (ith component of l n )| = 2} = k. 

By induction on the length of the path connecting two leaves which grasp kih com- 
ponent with applying Lemma 12^4"! we have that (l n )T' is C^-equivalent to a string 
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link which is obtained from l n by surgery along simple linear C^ l _ 1 -trees whose ends 
grasp kth component of l n . By Lemmas 12.11 12.21 12.31 we have that 

L t °£l* Yl V r T - 

r£B m {k) 



Moreover, by Lemma [5TTT cl(L * rXreBm(fc) ^t t ) 1S C^-equivalent to cl(L * L'), where 

f Urev m (k)Vr ifn + l<m<2n-2, 

L ' = Urev m (k) Vr * IWw G {0, 1}) if m = 2n - 1, 

Note that the C^-equivalences which are used in the above can be realized by surgery 
along simple C^-trees with r k > 2. By Lemmas 13.31 15.21 and 15.41 for r] £ V m (k) U 
lZ m (k), we have that 



„ (t ± T /\ _ / Ni L ) +Vv Hv^'Pm(k), 
^ { > ~ \ fi v (L) + 2z v if m = 2n an 



Hn(L) + 2z v if m = 2n and rj £ lZ m (k). 

Since Milnor invariants of L with length < m — 1 and r < 2 vanish, by Lemma 13.41 
those of Lt also vanish. By combining this, the fact that c\(Lt) and cl(L * V) are 
C^-equivalence, and Lemma [3.41 we have that 

H V (L T ) = JI v (c\(L T )) = Jt v (c\(L * L')) = fi v (L * U). 

This completes the proof. □ 

The following is the main result in this section. 

Theorem 5.7. Let L be an n-component Brunnian link. If~p L (I) = for any I with 
\I\ < 2n — 1 andr(I) < 2, then L is self A-equivalent to the closure of V * L" , where 

L'= J] V^\L"= H V (-PAL)-nAL'))/2 „ JJ 

and 



1 2:/ u T (L) is odd for r £ 7?. 2ri (n) mft r(i) = <^(z) (z = 1, n — 1) 
if~p T (L) is even for r £ 7^. 2 n( ri ) = (i = 1, — !)• 



Note that, in the theorem above, V * L" is determined by Milnor invariants of L 
with length 2n and r = 2. 



Proof. By Proposition 12.61 L is obtained from the n-component trivial link O by 
surgery along simple C^_ 1 -trees Ti, ...,T}. Hence we have 

L = cl((l n )T 1 UT 2 U---UT,)- 

By Lemmas 14.21 12.11 12.21 and 12.31 we have that 

L~-ci(n^ (i) )- 

Since ~fi n (L) = for any ir £ JF„, L is C"-equivalent to O, i.e., L is obtained from 
O by surgery along simple C^-trees. By Lemmas 15.61 (1), 12.11 12.21 and 12.31 we have 
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that 

^ +i d(n( n v ? ALy »- 

l<k<n TeV n+ i{k) 

Since ~fi T (L) = for any r £ V n +i(k) (k = l,...,n), L is C^ +1 -equivalent to O. 

(2) 

Note that a simple C m -tree (m > n + 1) for an n-component link is a simple Cm -tree 

/■q\ 

and might be C m -tree. By Lemmas 15.61 (1). 12.11 12.21 and 12.31 we have that 

L C|+ 5+ 2 c l( H ( H V ?^). 

2<k<n T &V n+2 {k) 

Since ~p T (L) = for any r £ P n+2 (A;) (k = 2, n), by repeating this step, then by 
Lemma [5.11 (2), we have that 

n k m * n n w 

f&Ti-2n-i(n) 4>eTl2n-l{n—l) 

for some e(y)'s and £(</>) 's in {0, 1}. 

In the proof of Lemma [5.41 (1), we showed that, for £ 7^2n-i( n ~~ 1)> 

cl(V^) C(a,a), 

where a = n<j)j(n — 2) ■ ■ ■ <f>j(l){n — 1). Since the Whitehead link C(12, 12) is deformed 
into a trivial link by a single self crossing change in the first component, C(a,a) is 
also deformed into a trivial link by a single self crossing change in the nth component. 
So C(a, a) is obtained from a trivial link by surgery along a simple Cf-tree T with 
r n {T) = 2. By Lemma [2.71 C(a,a) is obtained from a trivial link by surgery along 
simple C^-trees with r n = 2. Since the Milnor invariants of C(a,a) with length 
< 2n — 1 vanish, by Lemmas 15.61 12.11 12.21 12.31 and 15.11 (2), we have that 

for some £'(<£>) 's in {0, 1}. 
Since 

n k m * n k w 

tp£7l2n-i(n) (t>eTZ 2 n~i(n-l) 

is obtained from l n by surgery along simple Cf n _ 2 -trees, by Lemmas 12.11 12.21 and 
15.11 (2), L is (Cg + C 2ri _i)-equivalent to the closure of 

l'= n 

¥>G7?.2n-i(n) 

where e"(y9)'s are integers in {0, 1}. 

(3) 

Note that a simple C2 n -i-tree for an n-component link is either C^^-tree or C^-r 
tree, hence by Proposition 12.91 Cjn-i-equivalence implies (C| + C^.J-equivalence. 
So L is self A-equivalent to a link obtained from cl(L') by surgery along simple Cf^j- 
trees. By Lemmas \SM (1), O and E31 L is (Cf + C 2 a J-equivalent to cl(L' * L"), 
where 
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Since a C 2n -tree is a C 2n -tree, by Proposition 12.91 L is self A-equivalent to the 
closure of V * L" . By Lemmas 13.31 13.41 and 15.41 we have that for any r G 7Z2n~i{n), 

J[ T (L)=e"(<p) (mod 2), 

where tp(i) = r(i) (i = 1, ...,n — 1). This completes the proof. □ 

By Theorem 15.71 we have the following two corollaries. Corollaries 15.81 and 15.91 are 
special cases of Theorem 11.31 and Corollar yil.51 respectively. Since these corollaries 
are needed to show Theorem 11.31 we gi ye the statements. 

Corollary 5.8. Let L and L' be n-component Brunnian links. Suppose that]I L (I) = 
~p L /(I) = for any I with \I\ < In — 1 and r(I) < 2. Then L and V are self 
A-equivalent if and only if~fi L (J) = ~fi L >(J) for any J with \J\ = 2n and r(J) = 2. 

Corollary 5.9. A Brunnian link L is self A-equivalent to a trivial link if and only 
if~p L (I) = for any I with r(I) < 2. 



6. Links with Milnor invariants vanish 
Before proving Theorem 11.31 we need some preparations. 

Let L — K\ U • • • U K n be an n-component link and b a band attaching a single 
component Ki with orientation coherent, i.e., b R L = K \ PI b C db consists of two 
arcs whose orientations from Ki are opposite to those from db. Then the (n + 1)- 
component link L' = (L U db) \ hit (6 R Ki) is called a link obtained from L by fission 
(along a band b), and conversely L is called a link obtained from L' by fusion |13j . Let 
L' = K\\ U • ■ • U A'uj U • ■ ■ U K n \ U • • • U K n \ n be a link obtained from an n-component 
link K i U • • • U K n by a finite sequence of fission, where Kn U ■ • • U Kn t is obtained 
from Ki [i = 1, ...,n). We asign a color c(Kij) to K^ as c(Kij) = i. In this section, 
for a C fe -tree T, we call T a C|-iree (resp. Cftree) if |{c(J^) | T R K tJ ^ 0}| = 1 
(resp. = A; + 1). A Cf.-move (resp. C^-move) is a local move defined by surery along 
simple C^-tree (resp. C^-tree). 

Lemma 6.1. // an n-component link is deformed into a trivial link by a finite se- 
quence of fission, C^-moves and C^_ x -moves, then L is self A-equivalent to a Brun- 
nian link. 

Proof. Note that L is obtained from a trivial link by a finite sequence of fusion, 
C^-moves and C^_ 1 -moves. By the arguments similar to that in the proof of [TUl 
Proposition 3.22], we may assume that the bands of fusion, C|-trees and C^_ 1 -trees 
are mutually disjoint. So there exist an n-component ribbon link L and a disjoint 
union FUF' of simple C^-trees and C^_ 1 -trees such that L = L 0FuF ,, where F (resp. 
F') is a disjoint union of C^-trees (resp. C^_ 1 -trees). Since ribbon links are self 
A-equivalent to a trivial link [21], Lq is self A-equivalent to the n-component trivial 
link O. Hence 

L C|+ 5- 1 O. 

This implies that L is self A-equivalent to a link obtained from O by surgery along 
simple C^.j-trees. Since a C^-tree is a C^_ 1 -tree, by Proposition 12.61 we have the 
conclusion. □ 
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Theorem 6.2. Let L be an n- component link such that [i L {I) = for any I with 
\I\ < 2n — 2 and r(I) < 2. Then L is self A- equivalent to a Brunnian link. 

Proof. By Lemma 16.11 it is enough to show that L is deformed into a trivial link by 
a finite sequence of fission, C|-moves and C^-moves. 

Since any knot is A-equivalent to be trivial [20], we may assume that every com- 
ponent of L is trivial. 

Suppose that any fc-component sublink of L is Brunnian (2 < k < n — 1). Since 
surgery along a simple C^_ 1 -tree with index {ii, ...,ik} does not change the link type 
of Kj-^U- ■ -UKj k for {ji, j k } ^ {ii, ...,ik}, by Proposition [221 L is C^-equivalence 
to a link V whose the fc-component subinks are trivial. Let Lq be an n-component 
string link with cl(L ) = L', and set l n — 71 U- ■ • U7„. Let {Si, S m } {m = (jQ) be 
the set of subsets of {l,...,n} with \Si\ = k {i = l,...,m). By Lemmas 12.11 and I2~2l 

L ~ cl(L * Li * • • ■ * L m ), 

where Li is a string link which is splitable into the unions Ln of the jth (j £ Si) 
components and the other components L i0 such that L a is obtained from Ujes T? 
by surgery along simple C^_ 1 -trees with indices Si and L i0 = l n — [jj &Si 7j, and the 
(^-equivalence is realized by surgery along simple C^-trees with |index| > k. This 
implies that L is Cf. -equivalent to a link obtained from cl(Lo * L\ * • ■ • * L m ) by surgery 
along simple CVtrees with | index | = k. 
By Lemmas 12.11 and 12. 2[ 

L ~ cl(L * L x * ■ ■ ■ * L m ), 

where L\ is a string link which is splitable into the unions L\ x of the jth (j £ Si) 
components and L i0 such that L\ x is obtained from UjeSi li by surgery along simple 
Cfc_i, Cfc-trees with indices Si [i = 1, ...,m), and the C^+i-equivalence is realized by 
surgery along simple C^+i-trees with |index| > k. By Proposition 12.81 surgery along 
a simple C^+i-tree with |index| > k + 1 is realized by C^-equivalence. Therefore, L 
is C^-equivalent to a link obtained from cl(L * L\ * ■ ■ ■ * L l m ) by surgery along simple 
Cfc + i-trees with |index| = k. 
By Lemmas 12.11 and 12.21 

L Ct+ Z k+2 d(L *Lj*...*L 2 J, 

where L\ is a string link which is splitable into the unions L\ x of the jth (j £ 
Si) components and L i0 such that L a is obtained from [jj €S . Tj by surgery along 
simple C%_\, Ck, C^+i-trees with indices Si (i = 1, ...,m), and the Cfc+2-equivalence 
is realized by surgery along simple Cfe + 2-trees with | index | > k. 
By repeating this procedure, we have that 

L Ct t C2k c \(L *L k *---*L k J, 

where L\ is a string link which is splitable into the unions L\ x of the j'th (j £ Si) 
components and L i0 such that L\ x is obtained from {Jj &Si lj by surgery along simple 
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C^_ 1 , Cfc,.., C2fe_i-trees with indices Si {i = 1, ...,m). Note that a simple C 2 fc-tree is 
either a C 2 fc-tree with index > k + 1 or a C^-tree. By Lemma 12. 9} 

L C "~ C| cl(L *L^*---*L^). 

So L is self A-equivalent to a link obtained from cl(Lo * L\ * ■ ■ ■ * L^J by surgery 
along simple C^-trees. By Lemmas 12.11 and 12.21 

L C|+ ^ fe+1 d(M a * L * L\ * ■ ■ ■ * L h J, 

where M\ is a string link obtained from l n by surgery along simple C^-trees, and the 
Cfc + i-equivalence is realized by surgery along simple C^+i-trees with |index| > k + 1. 
By repeating this step, we have that 

L ° 2+ rS 2n c\(M 2n _ k * L * L\ * ■ ■ ■ * L k J, 

where M 2 n-k is a string link obtained from l n by surgery along simple C%, Ck+i,-..,C2 n -i- 
trees with |index| > k + 1. Since a simple C 2 „-tree is a C^-tree, by Lemma EHH 

LScl(M 2re _ fe *L *L?*--.*L^). 

Note that cl(M 2 „,_fc * L * L\ * ■ ■ ■ * L^ n ) is deformed into a split sum of cl(M 2n ,_fc * 
L ),cl(L^ 1 ),...,cl(L^ ll ) by a finite sequence of fission. Since for any index J in Si with 
\J\ < 2k(< 2n - 2) and r(J) < 2, ^ L *(J) = ^(J) = 0, by Corollary \EM c\{L k a ) is 
self A-equivalent to a trivial link. 

Hence L is deformed into a split sum of cl(M 2n _fc * Lq) and a trivial link by a 
finite sequence of fission and Cf -moves. Note that any (k + l)-component sublink of 
cl(M 2n _fc * L ) is Brunnian. 

By the induction, we have that L is deformed into a split sum of an n-component 
Brunnian link B and a trivial link by a finite sequence of fission and self A-moves. By 
Proposition 12.61 B is C^_ 1 -equivalent to a trivial link. This completes the proof. □ 

By combining Corollarie 15.81 and Theorem 16.21 we can prove Theorem 11.31 

Proof of Theorem \l.c\ Let L be an n-component link with ~Pl{I) = for any / with 
\I\ < 2n — 1 and r(J) < 2. By Theorem 16.21 L is self A-equivalent to a Brunnian 
link B. Since JIb{I) — ~Pl(I) = f° r an y I whh |/| < 2n — 1 and r(I) < 2, by 
Corollary 15.81 B is determined by Milnor invariants with length 2n and r = 2. This 
completes the proof. □ 

The following theorem characterizes n-component links whose Milnor invariants of 
length < 2n — 1 and r < 2 vanish. 

Theorem 6.3. For an n-component link L, JIl(I) = for any I with |/| < 2n — 1 
and r(I) < 2 if and only if, for each i G {1, ...,n} ; there is a Brunnian link Li such 
that Li is self A-equivalent to L and the ith component K of Li is null-homotopic in 
S 3 \(Li-K). 

Proof. For the 'only if part, it is enough to consider the case when i = n. By 
Theorem 16.21 L is self A-equivalent to a Brunnian link. By Theorem 15.71 the Brun- 
nian link is self A-equivalent to the closure L n of a product of some V^'s (tp G 
^2n-i(^)U7?. 2n (n)lJP 2n (n)). Note that, for cp G TZ 2n ~i(n) (resp. ip G 7?. 2ri (n)U'P 2ri (n)) 
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V v is C^Li-equivalent (resp. C^-equivalent) to l n and the ^equivalence (resp. 



»(2) 



(2) 



^*2n -equivalence) is realized by surgery along simple C^^-trees (resp. C^-trees) 
with r n = 2. By Proposition 12.91 L n is self Ci-equivalent to a trivia link and the self 
Ci-equivalence is realized by surgery along simple Cf-trees with r n = 2. Hence the 
nth component K of L n is null-homotopic in S 3 \ (L n — K). 

Now we will show the 'if part. Let / be an index with |/| < 2n — 1 and r(I) < 2. 
Since L is self A-equivalent to a Brunnian link, if I does not contain an integer 
in {l,...,n}, then ~Pl(I) = 0. So we may suppose that I contains any integer in 
{1, ...,n}. The condition |J| < 2n — 1 implies that there is an integer % such that % 
appears in / once. Let Lj be a Brunnian link such that Li is self A-equivalent to L 
and the ith component K of Li is null-homotopic in S 3 \ (Li — K) . This implies that 
Ml (^) = f° r an y iudex J in {1, ...,n} \ {i}. Since ~p has 'cyclic symmetry' ( [T51 
Theorem 8]), Jl l (I) = 0. This completes the proof. □ 



(2) 



.(2) 



Example 6.4. Let K be a string link illustrated in Figure 16.11 and L be the closure 
of V. By Proposition 12.91 for % (i = 2,3), V is self Ci-equivalent to I3 and the self 
Ci-equivalence is realized by surgery along C^-trees with indices {i}. Hence the ith 
component Ki of L is null-homotopic in S 3 \ [L — Kj) (i = 2,3). Suppose that the 1st 
component K\ is null-homotopic in S 3 \[L — K\). Then, by Theorem 16.31 = 

for any / with \I\ < 5 and r(J) < 2. By Lemma E3] (3), /i V (12233) = 1. Hence 
/I L (12233) = 1. This is a contradiction. 
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Figure 6.1. 
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